I. INTRODUCTION
Recently, there have been some interesting developments involving quasi-synchronous (QS) code-division multiple-access (CDMA) communication systems and on the design of sequences with low-correlation zone (LCZ) that can be used in such systems [2] , [12] , [13] , [8] , [11] , [14] .
This correspondence will describe a general approach to the design of LCZ sequences using the results on sequences with subfield decompositions, presented in [3, Ch. 8] written by the first two authors. The above known cited results on LCZ sequences can be obtained easily from this general setting.
The connection between an optimal set of LCZ sequences (in terms of family size) with subfield factorization and Hadamard matrices have been observed now by many others, e.g., see [14] . We show, in particular, that the LCZ sequences in this correspondence are connected to Hadamard matrices of "completely noncyclic type."
Notation
We use the following notation throughout the correspondence.
-The finite field GF (q n ) is denoted by q for any positive integer n and q = p t , a power of a prime, and the multiplicative group of q is denoted by 3 q . -The trace function from q to q where m is a factor of n,
i.e., mjn, is denoted by T r n m (x) = x + x Q + 1 11+x Q where Q = q m and n = lm. If the context is clear, we drop the subscript and superscript of T r n 1 (x), i.e., we write T r n 1 (x) as T r(x) for simplicity.
-always denotes a primitive element of q .
-Let a = fa i g be a sequence over q of period q n 0 1. Using the (discrete) Fourier transform, there exists a polynomial function f(x) from q to q such that ai = f( i ); i = 0; 1; . . ., which can be written as a sum of monomial trace terms. We say that f(x) is a trace representation of a associated with , or a is an evaluation of f(x) (for details, see [3] ). For any function f(x) appearing in this correspondence, we assume that f(0) = 0 if there is no other specification. For each function f(x) from q to q , there is a boolean representation in n variables for f(x), denoted by f(x) = f(x 1 ; . . . ; x n ) where x = (x 1 ; . . . ; x n ) 2 n q . Since q is isomorphic to n q , we identify the elements of q as vectors in n q if this is useful. We also use the terms a function from q to q and a boolean function in n variables over q (i.e., a function from n q to q) interchangeably.
-Let f i g be a self-dual basis of q over q . Let x = x 1 1 + 111 + x n n 2 q ; x i 2 q and y = y 1 1 + 111 + y n n 2 q ; yi 2 q. Then x 1 y = T r n 1 (xy) where x = (x1; . . . ; xn)
and y = (y 1 ; . . . ; y n ) and x 1 y = n i x i y i , the dot product of x and y.
-A function f(x) with f(0) = 0 from q to q is balanced if each element in q occurs in ff(x)jx 2 q g exactly q n01 times. Let faig be a sequence over q of period q n 01, and g(x) be its trace representation. Then, we say faig is balanced if g(x) 0 g(0) is balanced.
-Two periodic sequences faig and fbig over q of period P are said to be shift-equivalent if there exists some integer k (0 k < P) such that b i = a i+k for all i. Otherwise, they are called shift-distinct.
A. Three Types of Crosscorrelations
Let N = q n 01 and a = fa i g and b = fb i g be two sequences over q of period q n 01 where q = p t where p is a prime. When t > 1 there seems to be no single (universally accepted or applicable) consensus on the correlation between a and b. At least three different notions have been proposed [3] , and we will use the following (see Question 16 in Exercises for [3, Ch. 5] 
We define 
From this definition, when q = p t for t > 1, we essentially obtain correlation of sequences whose elements are taken from three different alphabets.
1) The crosscorrelation between a = faig and b = fbig, where a i ; b i 2 q , i.e., the elements of the sequences a and b are taken from the finite field q with q elements.
2) Let ui = (ai) 2 q; and vi = (bi) 2 q; i = 0; 1; . . . :
Through the definition of the crosscorrelation of a and b, we obtain a crosscorrelation of u = fuig and v = fvig which are integer sequences over q . In other words, the crosscorrelation between u and v is given by
Cu;v() = N01 i=0 u 0v ; = 0; 1; . . . :
3) Let s = fsig and t = ftig whose elements are defined as si = u = (a ) and ti = v = (b ) ; i = 0; 1; . . . :
Thus s and t are sequences over the complex q-th roots of unity,
i.e., in the complex field . The crosscorrelation between s and t is defined as C s;t () = N01 i=0 s i+ t 3 i ; = 0; 1; . . .
where x 3 means the conjugate of the complex number x.
The crosscorrelations of these three types of sequences are equal, i.e., we have C a;b () = C u;v () = C s;t (); = 0; 1; . . . : (8) Thus, if we derive the crosscorrelation between sequences over q, then at the same time we obtain the crosscorrelation between sequences over q and the crosscorrelation between sequences over the complex field, defined by (4) and (6), respectively. Therefore, all the results on correlation derived in this correspondence for sequences over q are valid for the other two classes of sequences.
In the rest of the correspondence, for simplicity, we will omit the map in correlation calculation, but it should be understood that if q = p t ; t > 1, x in x ; x 2 q represents the p-ary representation of x, i.e., (x) defined by (2) .
We may write the correlation function C a;b () in terms of exponential sums as follows, which can simplify proofs for correlation calculations in many cases. 
We will use the correlation of the function version for derivations in the rest of this correspondence.
B. LCZ and Almost LCZ Sequences
We now review the concept of sequences with low correlation zone (LCZ) and define "almost" LCZ sequences. Let s j = (s j;0 ; s j;1 ; . . . ; s j;N01 ); 0 j < r, be r shift-distinct sequences over q with period N. Let (12) then S is referred to as an (N; r; ; d) low correlation zone (LCZ) signal set. For the CDMA communication systems working in the quasisynchronous mode, it is well-known that the crosscorrelation function of spreading codes around the origin determines the performance [12] . If the crosscorrelation of any two sequences in S satisfies the following conditions: jC a;b ()j ; 8 0 < jj < d (13) we call S an (N; r; ; d) almost low correlation zone (ALCZ) signal set.
It is an LCZ signal set except possibly for the higher crosscorrelation value exactly at the origin, i.e., at = 0. [12] , [13] , [8] , [11] , [14] .
It is quite interesting to observe that all such LCZ signal sets come from a well-known fact which is presented in [3] . In the following two sections, we present this relation and a construction that achieves the upper bound on the size of the signal set. In the final section, we give a few open problems and some concluding remarks. be a function from q to q with f(0) = 0 and let f () = f(f(x);f(x))j x 2 3 q g; 1 6 = 2 3 q : (14) We say that f(x) satisfies the two-tuple balance property if f(x) satisfies the following two conditions: 1) For = 2 q , each pair (0; 0) 6 = (; ) 2 2 q occurs q n02 times in f () and (0; 0) occurs q n02 0 1 times in f ().
II. CROSSCORRELATION OF SUBFIELD REDUCIBLE SEQUENCES
2) For 1 6 = 2 3 q , there exists some 1 6 = 2 3 q such that (0; 0) 6 = (; ) occurs q n01 times in f () for every 2 3 q and (0; 0) occurs q n01 0 1 times in f (). 
(x).
If there is m > 1, a proper factor of n, such that u(x) can be decomposed into a composition of h(x) and g(x) where h(x) is a function from q to q , and g(x) a function from q to q , i.e.,
q then we say that u(x) or u is subfield reducible, (15) is called a subfield factorization of u(x) or u. Otherwise, u(x) or u is said to be subfield irreducible.
From this definition, we know that m-sequences of period q n 01 are subfield reducible if n is not a prime. Note that the subfield reducibility or irreducibility of functions or sequences is meaningful only for n composite.
In [3] , it is shown that the autocorrelation of a subfield reducible se- and Goresky [10] and k-form sequences [9] in which h(x) is a trace function T r
There is a similar result for the crosscorrelation between two such subfield sequences (see [10] ) and the proof also can be given in a similar fashion to that for their autocorrelation functions. Unfortunately, these results have not received sufficient publicity. We reproduce it here.
Recall that Q = q m , and n = lm, and let d = q 01 q 01 . Theorem 1: Let h be a function from q to Q with the two-tuple balance property, and f and g be any two functions from Q to q .
Let a and b be two sequences, not necessarily distinct, over q with a(x) = f(x) h(x) and b(x) = g(x) h(x) as their trace representations, respectively. Let = . Then C fh;gh (), the crosscorrelation between a and b, is given by
In particular, if one of the functions f or g is balanced, then C a;b () = C fh;gh () 0 1 = 01; 8 6 0 (mod d):
Proof: Note first that 6 = 0. For 6 = 1, Observe that the condition that makes C fh;gh () = 0 for so many values of is rather weak, and it easily produces an almost LCZ signal set of gigantic size. Before we discuss the size, we need the following lemma whose proof is immediate from the balance property. The crosscorrelation property directly follows from Theorem 1.
Here are a few remarks about Theorem 2. Note that if C f h;gh (0) = 0 or equivalently C f;g (0) = 0, then 5 0 becomes a (N; r 0 ; 1;d) LCZ signal set where r 0 is the size of the subset, say K, of U 0 which satisfies that the term-by-term difference of two shift-distinct sequences is still a balanced sequence. We now concentrate on the subset K of U 0 in the following section.
III. A CONSTRUCTION OF K
In this section, we provide an important observation on the achievable upper bound for the size of K, a set of balanced sequences in which the term-by-term difference of any two distinct members is also balanced. For this, we give a connection between the existence of K and the Hadamard matrices as a fact in the following, whose proof can be easily established by some elementary method in linear algebra. We also give a construction for K whose size achieves this upper bound.
Let fa i g be a sequence over q of period P . We say that fa i g is Note that this definition is a general case of the balance property defined earlier for P = q n 0 1.
Fact 2:
Suppose K is a collection of balanced sequences over q of period P (here we do not care whether or not they are shift distinct, and we do not have to restrict the value of P ) such that the term-by-term difference of any two sequences in K is again balanced. Then the size jKj of K (the number of sequences in K) cannot exceed P . Note that H can always be transformed into a special form in which the first row and the first column are the all one's vectors by applying some elementary "Hadamard-preserving" operations [1] , [3] . Therefore, without loss of generality, we may assume that H is in this form.
Let v = q m . Let H 0 denote the matrix resulting from H by deleting the first column and the first row. We say that H 0 is the reduced form of H. From the definition of the Hadamard matrices and Theorem 2, the following result is immediate. Note that for the known constructions, jKj < q m01 for q = p [13] , jKj = q m=2 for q = 2 2 [8] . While this manuscript was in preparation, two more results were presented at some conferences [11] , [14] . In these results, the size of the set K was attained to be q m 01 where q = p, and the relation of K and a completely noncyclic type Hadamard matrix was observed. These are the results that again proves Theorem 1.
In the following, we give another construction for K in which the size jKj achieves the upper bound q m 0 1. For the construction given below, the case of q = 2 has a much simpler proof. However, the proof for q > 2 cannot be obtained from the case of q = 2 by simply replacing 2 by q. So, we will directly proceed it for a general q, a power of a prime (which is either 2 or an odd prime p).
A Construction for K:
We write the elements of q as a pair (x; y) where x 2 q and y 2 q where we set r = m 0 1. (c) uj(x) is not a scalar multiple of ui(x) for i 6 = j, i.e., there is no a 2 q such that u j (x) = au i (x);x 2 q when i 6 = j. t i x i ; t i 2 q (note the fact that t(x) is a permutation of q implies that t q01 = 0). Thus
Hence (18) On the other hand, we have t( 1 1) = at(1):
Substituting it into (19), we have t 0 0 at 0 = 0. Since t 0 6 = 0 by the assumption, this derives that a = 1. Then we have t() = t(1). Since t(x) is a permutation, = 1 which completes the proof.
Lemma 4: Let u(x) be a function from q to q , 8(y) be an arbitrary permutation of q , and h(x) be a function of q . Then u(x) 1 8(y) = h(x) for all x 2 q and y 2 q if and only if both u(x) and h(x) are zero functions, i.e., u(x) = 0 and h(x) = 0 for all x 2 q . Proof: If u(x) is not a zero function, then there exists some x 0 2 q such that u(x0) 6 = 0. Since 8(y) is a permutation of q , each element of q occurs exactly q r01 times in fu(x 0 )18(y) j y 2 q g. Thus this set is not equal to fh(x 0 )g which consists of only one element in q .
Proof of Theorem 4:
We need to show that the sequences in K satisfies the following three conditions: 1) Each sequence in K is balanced with period q m 0 1.
2) The term-by-term difference of any two of sequences in K is balanced.
3) Any two sequences in K are shift distinct. Note that t(x) is a permutation of q , and hence, is balanced. Thus, according to Lemma 2, the condition (a) for u i (x) shows that each function in S is balanced. For two functions f(x; y) and g(x; y) in S, we have the following three cases to consider:
f(x; y) g(x; y)
For cases (ii) and (iii), it is obvious that f(x; y) 0 g(x; y) is balanced. 
From Lemmas 3 and 4, if f(x; y) and g(x; y) belong to the cases (ii) and (iii), then they are shift distinct. So, we only need to consider case (i) for these two functions.
We use the self-dual basis in q , then we can write u i (x) 1 8(y) = for the values at = jd; 0 j < q m 0 1 where m is a proper factor of n. The number of sequences in this set is equal to the number of balanced functions from q to q divided by q m 0 1. From this result, we constructed the signal set 5 0 with low correlation zone, i.e., the crosscorrelation of any two sequences or autocorrelation of any sequence in this set is equal to 01 for the absolute value of 6 = 0 and less than d. The size of 5 0 is equal to the number of shift-distinct balanced sequences over q with period q m 01. From 5 0 , we derived the other two signal sets with the same parameters as those of 5 0 , but one consists of sequences over q and the other consists of sequences over the complex qth roots of unity where q = p t for t > 1.
If we require the crosscorrelation of any two sequences in 5 0 is equal to 01 at = 0, we showed that from the subfield factorization construction, the size of any LCZ signal set cannot exceed q m 0 1, the relationship between these functions and Hadamard matrices, and we also provided a construction for this type of signal sets in which the size achieves the maximum for any q.
For research on finding some new constructions of subfield reducible sequences over q with two-level autocorrelation, or with low correlation and/or with LCZ, it would be worthwhile to put some effort into the following unsolved problems.
Construction of h(x) in the Set 5 0 : Any sequence in 5 0 is given by f h(x) where f (x) : q ! q with the balanced property and h(x) : q ! q with either a) the two-tuple balance property, or b) with k-form and the difference balance property. The other construction for h(x) using f h(x) produces a sequence with an interleaved structure (see [3] for details).
There are only two known constructions for h(x) being either twotuple balanced or being k-form with the difference balance property for q which is a power of 2.
i) h(x) is a single trace term, i.e., h(x) = T r n m (x k ), which gives m-sequences over q . ii) h(x) is a cascaded GMW function of length s, which produces a cascaded GMW sequence over q . Open Question 1: Is the converse of Fact 1 true? In other words, is the two-tuple balance property on a function h(x) : q ! q equivalent to the condition of both k-form and the difference balance property of the function h(x) for q which is a power of any prime?
Up to now, neither two-tuple balanced functions nor k-form functions with the difference balance property have been found which do not fall into one of the above two cases, i) and ii), for q which is a power of 2.
Open Question 2: For each such h(x), we have a set 50, which is an almost low correlation zone signal set with parameters (q there exist a function h(x) : q ! q whose evaluation is neither an m-sequence nor a (cascaded) GMW sequence but which has the two-tuple balance property (or, sufficiently, which is k-form with the difference balance property) for q which is equal to 2 or a power of 2?
For q a power of an odd prime, Kim et al. showed (see [7, Theorem 5]) that the HG functions are 1-form with the difference-balance property. This is another type of h(x) with this property, in addition to i) and ii) mentioned above.
Open Question 3: From Theorems 3 and 4, we found that the set K of maximum size is in the one-to-one correspondence with a Hadamard matrix in which any two rows are shift-distinct. These Hadamard matrices are not just "noncyclic" type since no two rows in the reduced form are shift-equivalent. We may call this type "super noncyclic" or "completely noncyclic." Classification of all the completely noncyclic type Hadamard matrices would be an interesting future work.
